Introduction

From seconds to attoseconds
This book is devoted to Laser Pulses. In the modern laser world, the word "Pulse" covers pulse durations from microseconds (free-running laser) to tens of femtoseconds (1fs is 10 -15 s) (mode-locked laser). It is possible to generate attosecond pulses (1as is 10 -18 s) by using nonlinear processes. Recently, a new time range was discussed in publications: zeptosecond (1zs is 10 -21 s). To generate pulses from milliseconds to femtoseconds, hundreds of different laser systems have been developed. They can typically generate pulses of specific durations, which are due to laser principles of operation, specific construction, parameters of gain medium, type of modulator, and so on.
In the solid-state free-running laser the parameters of the electromagnetic field interaction process with an inversed population of the gain medium play a dominant role in shaping the laser spikes. These characteristic parameters limit the pulse duration from the long side of the range. A chaotic sequence of such spikes can be as long as the pumping source could effectively excite the gain medium. In some technological applications this can be hundreds of milliseconds envelop. To achieve laser pulse duration of a few seconds, it is necessary to use for modulation the processes with characteristic times of the same order of magnitude. On the short side of achievable durations, another limitation exists. At certain conditions, waves, interacting with solids, can shape a single peak of energy, propagating "alone". In optics, such a single wave is called a "soliton". A tsunami is an example of a mechanical soliton. To propagate in a crystal, an "optical tsunami" can excite the medium and get back the energy at some conditions. In a vacuum, there is no medium that can accumulate energy and support existence of a relatively short, lossless wave. Hence, in a vacuum, a single pulse could be shaped as a wave-package, which is a result of interference of many independent electromagnetic waves, propagating co-axially in the same direction. Since light is an electromagnetic wave repeatable in space and time, a single wave period with minimal length (among all present in the wave set) is the minimal possible duration of an energy pack. Out of the pulse, the negative interference suppresses the energy presence.
Pulse measurement techniques were being developed together with each type of laser and are based on principles depending on the specific range of pulse duration. The shorter the achieved pulse durations, the more difficult the problem of how to measure such pulses. The answer is inside the laser pulses. Light itself contains information about Time.
In summary, we can say that lasers, generating "light in time", combine these two categories as light is a periodical, cyclic process and can be a measure of time and of length. Since this is an introductive chapter, let us consider some historical milestones on the way of Time/Light understanding first.
In the past
On the way of analysing and understanding Nature, ancient scientists interpreted Light and Time as two absolutely different categories. To this day, it is not clear what Time is -is it a characteristic of processes, or an independently existing parameter? Theoretical physics operates with 4D space: 3 space coordinates and the fourth as time. To measure any distance, a researcher can compare some etalon of length with the object of interest. However, historically, the etalon of length was voluntarily chosen: 1 m is not a "natural" unit of length. At the same time, the light specific wavelength is a natural, repeatable etalon of length. The same is true for time -any process running with macro-objects being involved is just approximately repeatable. Since the speed of light (in vacuum) is the same everywhere, it can be used for measuring time and length: the same number of light waves with specific length corresponds to the same distance in any corner of the Universe -at least, we think so.
If existence of Light is absolutely evident, what supposed to be Time is not very clear until now. A lot of serious discussion and speculation was done but the problem still has to be solved. Time is not a single example of a "questionable" phenomenon. Very often, scientists propose a phantom model that helps make a very helpful device or theoretical approximation. The most popular parameter in optics -"index of refraction" -is probably the most investigated phenomenon that does not exist in Nature at all. This is a very useful model that helps provide theoretical research and find technological solutions in the fields of optics, photonics, and other related areas of activity.
We see or measure light as a result of photon interaction with more "solid" matter: atoms in our eyes or other detectors. In the case of time, the situation is more complicated. Since the early ages of humanity, people observed some regularly repeatable events, like day-night, winter-summer, etc., that, de-facto, were connected with complete or partial appearance and disappearance of light. Probably the first instrument for estimation of day time was the sundial -a vertically installed bar that showed the time period relative to specific points when the position of the sun over the horizon is maximally high and bar shadow is maximally short (midday). However, in cloudy days or at night, the system was useless. The next step in time measuring devices was the sand or water clock (Clepsydra): a spring of water or sands running through a small hole filled or emptied some calibrated tank. This is the most ancient experimental 3D demonstration of the basic formula of time: T = M/R where M is mass and R is rate of mass changes. A very well-known 1D variant of this formula reads: T = L (length)/V (velocity). In case of a "floating clock", M is the total amount of water in the tank and R is the amount of water that drops through the hole during a unit of time. In this case, to build two identical clocks, one needs to make holes with ideally identical cross-sections. So, accuracy of time measurement is linked to accuracy of length measurement.
The next step was a mechanical clock with a pendulum. This device periodically transforms kinetic energy of motion into potential energy of a pendulum in the gravitation field. The electronic clocks use a periodic process of transformation of the electrical energy stored in a capacitor into magnetic energy of a coil. Each repeatable process can be used for measuring time. This could be a planet's rotation around a star, or a planet's rotation around its own axis, or mechanical vibrations -sound, or electromagnetic waves -light.
As of today, the history of pulsed lasers spans about 50 years. Hundreds of books devoted to this subject have been published during this period. More and more techniques go to practical use every year. Shorter and shorter pulses are routinely applicable. New spectral ranges, like deep UV, middle and far IR, including TeraHertz bands became a reality. This book demonstrates new achievements in theory, experiments, and commercial applications of pulsed lasers.
What is this chapter about?
Until the mid-eighties of the previous century, most of the lasers generating ns-and pspulses operated with passive or active Q-modulator. However, it became more and more clear that such non-linear and multi-parametric system as a laser could support selfeffecting, self-modulating mode of operation without any external devices or internal elements. Starting from the time of the laser's invention, the theoretical models of laser operation include mode spectrum genesis. This is logically understandable, as the open Fabry-Perot cavity is one of the main components of the laser system. However, the picosecond or, moreover, femtosecond pulse generator has thousands and thousands of modes. Theoretical description of few modes is possible and can be used for analysis of laser operation. However, solving, for example, fifty thousand equations that describe all operating modes is a problem and the results could be very far from the reality.
The author of this chapter considers another approximation. The logic of this is as follows. The laser generation develops from luminescence radiation, which is de-facto, an optical noise. Let us analyze how this noise is being modified propagating through the gain medium after the laser threshold is achieved. At each moment of time, the spectral width and averaged power level determine the statistical properties of radiation. So, depending on laser parameters, the exceeding of the maximal, stochastically appeared optical spike over the next smaller one irradiated during a cavity round-trip period, could be found. At some conditions, the multiple, small-amplitude spikes saturate the amplification of the gain medium and stop the in-cavity power accumulation. Only the highest spikes that are able to saturate the non-linear absorber continue growing.
Around the 1960s, the properties of noise in radio-band were very well investigated on the way of radio rangefinders development. This theory was applied to describe the modelocking process. Some difference was just in mathematical description: in radio-band the measured value is amplitude (strength) of the electromagnetic wave, and in optics, the square of this value, namely, intensity (power) of light. This approximation can estimate statistical parameters of generation: probability of single-pulse formation on the round-trip cavity period, depending on gain media spectrum width, rate of gain increase, cavity length, output mirror reflectance, and other laser practical parameters.
In this chapter, one can find interesting concepts, theoretical models, and experimentally proven techniques that for different reasons were not revealed in public at the moment they were proposed and demonstrated. Two different laser systems will be discussed: 1) singlefrequency laser that, at certain conditions, is capable of slow self-modulation initiated by thermal processes in the cavity; 2) multi-mirror laser that, at certain conditions, is capable of self-mode-locking and generation of ultrashort pulses without any modulator.
This chapter represents philosophy of creation of laser pulses of different gradations:
1. "Slow" pulses of second duration 2. Microsecond pulses in millisecond envelope 3. Nanoseconds: passive and active Q-modulation 4. Picoseconds: passive, active, and natural auto-mode-locking 5. Femtosecond lasers 6. Attosecond and Zeptosecond For today, hundreds of books describing the laser operational modes, design, constructions, and technologies are available. The condensed description can be found in an open-access encyclopaedia by Dr. Rüdiger Paschotta [1] . In this chapter, we often refer to the encyclopaedia pages, which typically contain a wide list of publications, discussing specific area of research. This chapter focuses mainly on some specific laser regimes and theoretical concepts, which are not considered in traditional books and in on-line encyclopaedia, and can be useful for the design of simple, low power-consumption, and environmentally-stable systems.
"Slow" pulses of second's duration
First of all, the initial question should be answered: how to slowly modulate such a fast operating and sensitive system as a laser. In principle, this can be provided by slow "delicate" changes of the gain or losses (or both) in a stationary operated laser with narrow spectral band. Such modulation is very difficult to provide in case of a multi-mode laser because of mode competition process: if output power of one mode is decreased, the others immediately grow up. Hence, first of all, a single-frequency operation has to be provided.
Let us consider an example of specific single-frequency laser [2, 3] that is capable of providing cavity losses periodical self-modulating. This regime has been achieved in the diode-pumped single-frequency Nd:YVO4, Nd:YAG, and Nd:YLF lasers with metallic thinfilm (10nm) selector. The main idea of the absorbing thin film selector operation is the following. The metallic film, with thickness Δd significantly smaller than the standing wave period (Δd<λ/100), is placed in the linear cavity. If a thin film plane is adjusted to the node surface area of any mode, the losses for this mode become close to zero and single longitudinal mode starts to operate. A detailed description of the interferometer with an absorbing mirror can be found in [2, 3] . The pulses with duration of approximately 1 to 3 s and period of about 3 to 10 s (see Figure  1b) , depending on pump power and thermo-optical properties of the cavity and gain crystal, have been observed. The effect has been explained by the thermal changes of the cavity length connected with the difference of the heat generation rate for operating and nonoperating laser [4] .
The self-pulsation regime of operation can be explained by periodical modulation of losses of a cavity with a thin-film selector caused by the thermally induced changes of optical length of an active medium. Let us assume that the thin-film selector is placed between the two nodes of neighbouring modes and the pump level is slightly below the threshold for both of the modes. At this moment, the laser does not operate; the maximum possible portion of pump power is transformed into heat and the temperature of the crystal increases. Because of the thermal elongation of active medium (and a total cavity), the positions of some nodes move to the absorbing thin-film location and the losses for this mode fall down. The mode switching mechanism is explained in Figure 1 . Relative positions of the modes and the absorbing interferometer reflection peaks are shown. The interferometer is formed by a thin-film selector and an output coupler. The solid curve demonstrates resonance position that provides laser operation. The laser starts to operate in the single-frequency regime. At maximum output power, the heat dissipation rate becomes minimal and crystal temperature starts decreasing. Further, the thin-film location "comes out" from the node position and interrupts the laser emission process (dashed curve in Figure 1a ). After the laser action break-off, the temperature rises up again and the process repeats.
Microsecond pulses in millisecond envelop
The operation of a free-running laser can be described and understood in terms of gain-loss dynamics [5, 6] . When a pumping source intensively irradiates the laser medium, the gain grows until it becomes equal to all losses. Starting from this moment, the number of newly "born" (generated) photons is greater than those "dying" (absorbed or scattered). The light intensity grows very fast (avalanche conditions) and the laser starts generating. Very soon, the stimulate emission becomes so strong that the pumping radiation cannot refill the inversion population -in other words, the gain drops down to the level when generation is interrupted. The laser pulse is finished and during the next generation pause the inversion population grows up again until the gain achieves the loss level and the next cycle of generation begins.
When counter-propagating narrow-bandwidth light waves are superimposed, they form a so-called standing-wave interference pattern, the period of which is half the wavelength [7] . This results in so-called spatial and spectral "hole-burning": a) in maxima of standing wave the inversion population is falling down, shaping periodical spatial grating of the gain along the active medium; b) the operating modes are "eating" the gain at their spectral positions and other modes start generating. These have various consequences for the operation of lasers:
1. Difficulties in achieving a single-frequency operation or operation with stable and repeatable parameters when generating in linear cavities; 2. The optical bandwidth and spectral structure of a free-running laser radiation is different when the gain medium is located in different resonator areas; 3. Spatial hole-burning can reduce the laser efficiency, when the excitation in the nodes cannot be utilized.
The ring cavities support running waves and spatial hole-burning can be eliminated.
Nanosecond pulses: Passive and active Q-modulation
The Q-switching is a technique which provides generation of laser pulses with extremely high peak power: MegaWatt to GigaWatt [5, 8] . Here Q means a quality-factor of the laser cavity. Typical durations of such pulses are between several nanoseconds to few tens of nanoseconds. This effect is achieved by modulating the intracavity losses. Initially, the resonator losses are kept at such a high level that the laser cannot operate at that time. Then, the losses are suddenly reduced by modulator to a small value. So, the laser becomes highly "over-excited" and starts generating just after several flights of light along the cavity. When the intracavity power has reached the value of the gain saturation, the laser radiation intensity drops down to the luminescence level. The resonator losses can be switched in different ways: through active and passive Q-switching.
For active Q switching, the losses are modulated with an active control element, typically either an acousto-optic or electro-optic modulator. Initially, there were also mechanical Q switches such as spinning mirrors or prisms. In any case, shorter cavities and more intensive pumping provide shorter lasing pulses.
For passive Q switching, the losses are automatically modulated with a saturable absorber. This can be a specific dye dissolved in liquid or solid matrix, some doped crystal or glass, and some bulk elements demonstrating the Kerr-type non-linearity. The pulse is formed as soon as the energy stored in the gain medium has reached a level sufficient to keep the absorbing particles in an excited state. The recovery time of a saturable absorber is ideally longer than the pulse duration. At this condition additional unnecessary energy losses would be avoided. However, the absorber should be fast enough to prevent the lasing when the gain recovers after the pulse termination.
Mode-locking
Mode-locking is a group of methods for laser generation of ultrashort pulses [9] [10] [11] [12] [13] . Typically, the pulse duration is roughly between 50 fs and 50 ps. To provide synchronous (phase-locked) operation of different modes, the laser cavity should contain either an active or a nonlinear passive element. Figure 2 and Figure 3 demonstrate the difference between mode intensity and phase distributions for: (a) radiation that just is emitted at close to threshold conditions and (b) for already mode-locked radiation at the moment close to gain medium saturation. Simulation was done just for 10 modes to clearly illustrate the difference. In reality the number of operating modes may be tens or hundreds of thousands. The red line in Figure 2 shows the averaged mode intensity distribution. It is the same for any number of modes and any phase distributions. In any case, the initial gain medium luminescent radiation is a stochastic optical noise -a random sequence of occasionally irradiated spikes, which have different spectral content. The passive saturable absorber automatically selects (emphasizes) some spikes with relatively high energy and with relatively short duration. This results in some temporal uncertainty of the generation appearance and in generation of few ultrashort pulses on the cavity round-trip period because the gain medium continuously generates new noise patterns. The temporal distribution of radiation is "breathing" and is not ideally repeatable even on the neighbour round-trip periods of time. Moreover, the general view of time-intensity distribution of generation is unrepeatable from shot to shot -it could be one, or two, or even more high intensity pulses on the round-trip period.
In Figure 4 Each initial noise spike can be shaped by interference of the modes that belong to different parts of the spectrum and have different phase distribution. During the process of intracavity power increase even the neihbour (in time) spikes coud be modified differently.
The ellipses in Figure 4 shows such case when only during two round trip periodes the first spike among three, initially being the smallest, became the highest.
In case of active modulation, the maximum of the modulator transparency very rarely coincides with occasional generated maximal spike of luminescence. However, since any spike is in-time repeatable on the round-trip period and, if coinciding with periodical maximal cavity Q-value, it will grow faster than even bigger spikes irradiated out of high Qwindow. After hundreds of round-trips, this initially, maybe minimal pulse achieves the maximal amplitude and is generated as a train of laser pulses. Typically, at active modulation the pulse duration is longer but the jitter of the pulse appearance is much less as compare with passive modulation. 
Propoperties of the optical noise
Mode formation and radiation dynamics
The phase and amplitude relations between the modes respond to the statistics of a normal (Gaussian) process. At the absence of phase modulation, a minimal possible duration of light random spike is inversely proportional to the total luminescence spectrum width. The amplification band typically has some specific intensity modulation. For relatively narrow spectral bands, the most energetic central modes introduce the main income into the pulse shape formation. At non-stationary pumping, the intensity and spectral width of the gain band is changeable in time that results in changes of random spikes statistics. Moreover, spectral content of the spikes additionally is being deformed because of dispersion, absorption and scattering processes in the cavity elements. As a result, the final timeintensity distribution may be absolutely different from the initial optical random noise distribution that was emitted at threshold conditions.
For the radiation propagating within the linear cavity of length L, the correlation function defers from zero, at least, on the time intervals TC = 2L/c (for the ring cavity TC = L/c). The existence of signals correlation on TC intervals means that the operational set of the modes is formed. At this moment, the averaged intensity of circulating in the cavity radiation should be significantly higher than the intensity of firstly irradiated luminescence pattern. After that moment, the temporal intensity distribution does not change significantly after each round-trip through the cavity. However, because of spectral dispersion of an amplification band and different spectral content of each spike, the intensity growth rate for each spike is different. During hundreds of cavity round-trips, the general view of a random noise-like pattern (realization) changes and may be significantly reshaped by the moment of the final ultra-short pulses emission. The shortest spikes shaped during the total period of radiation development may be "late" and not have enough time to be "accelerated" to the maximum intensity. It means that the gain bandwidth may exceed the width, actually used at certain values of pumping, cavity length, material dispersion of the elements, and other laser parameters.
With a Fourier analysis, it is possible to transfer a signal from time domain to frequency and inversely. The mode-locking technology provides zero phase difference between all operational modes. At Gaussian shape of the operational spectral envelope, the pulse intensity has the same shape in time. If one modulates statically the spectrum (by interferometer, for example), the respective modulation appears in temporal intensity distribution. In case of the pulsed pumping, it is possible to modify the gain spectrum by variations of pump rate, cavity length, dispersion of the cavity elements, losses of the cavity to achieve finally different ultrashort pulse durations.
Statistical properties of optical noise
The theory of electro-magnetic noise was initially developed for the radio band. The main parameter considered in this range is electro-magnetic wave amplitude (E). In optics, because of very high optical signals carrying frequency, the intensity (I) that is a square of field amplitude (E) is considered and measured. Mathematical analysis of the optical stochastic signals with formal exchange E 2 to I has been done in [14] . For detailed description of the mode-locked process, let us repeat here this analysis with taking into account the parameters of the laser cavity. At the beginning, let us rewrite the formulas of random process theory [15] but in terms of intensity, instead of the amplitudes.
The famous Wigner's formula demonstrates the connection between autocorrelation function k(τ) (time domain) and spectral density S(w) (spectral domain) [16] :
The commonly used optical parameter Δfe is an energetic spectral width of the random process:
here S0 = S(w0) is spectral density at maximum of spectral density distribution.
The luminescence field of a solid-state laser has a view of an optical noise with relatively narrow spectral width (Δν/ν ~ 10
). During evolution of the laser radiation on initial stage (after the pumping applied), it becomes "more and more harmonical". The spectral width decreases for one to three orders of magnitude because of dispersion of the amplification coefficient [17] .
The narrow band process is the stationary random process with a zero average value, the spectral density of which is concentrated near specific frequency f0:
A narrow-band stationary random process that has symmetrical spectral density with relation to f0 is named a quasi-harmonic one. Luminescence bands of most laser ions are shaped by a superposition of several spectral lines, even in such homogeneously broaden system as, for example, Nd:YAG.
This results in important conclusions that typically are missed in books and papers:
• Typically, a wide gain band is not symmetrical relatively to the maximum and may have several local maxima. In principle, luminescence radiation of gain crystal is not quasi-harmonic signal. However, it transforms to one because of significant narrowing during generation evolution.
• Zeros of the dispersion curves do not coincide with intensity maxima. Non-monotonic dispersion curve (within the operational spectrum band) stimulates compression or extraction of the equidistant mode spectrum. This means the variations of round-trip time (for different frequencies), and, automatically, the extraction of the single ultrashort pulse duration.
The correlation function of the narrow band random process may be represented as:
here σ 2 is a dispersion of the process, ρ(τ) and γ(τ) are slowly modified functions as compare with cos(w0τ), ρ(0) = 1 and γ(0) = 0.
Correlation function of the wide band process typically is represented as:
here ρ(τ) is normalized correlation function. As it follows from (1) - (6):
Evidently, the parameter σ 2 represents total power of radiation and may be used for the normalization of the amplitudes or intensities of the random spike process. From a general view of the formula, describing probability density for the set of random values ξn [15] , it is easy to get an expression for electromagnetic wave density distribution with substitution n = 1.
( ) ( )
For the alternative electromagnetic field, the average value m = 0, and the final expression for the function, describing a density of probability of the amplitude А for the output laser radiation with an average intensity value of I , is:
At that, the phase is distributed homogeneously on the interval −π ≤ φ ≤ π .
Statistics of the laser optical noise pattern
From the statistics point of view, the different stages of the generation evolution may be classified as:
1. Luminescent field below the threshold: wideband random optical field; 2. First part of "linear" generation development (mode formation period): summarizing of the wideband and narrowband random signals; 3. Second part of "linear" generation development: quasi harmonic quasi periodical signal formation; 4. Nonlinear stage -gain or losses saturation.
Respectively, the statistical properties of radiation are different on each stage of generation genesis. By manipulating the initial internal radiation and laser external parameters, it is possible to achieve different results in the end of the path.
The sum of harmonic and quasi-harmonic signals [15] may be represented as follows:
here Ac(t) = V(t) cosψ(t) − Am cosϕ0, As(t) = V(t) sinψ(t) − Am sinϕ0.
A random function V(t)>0 is envelope, and a function ψ(t) is a random phase of the sum of harmonic signal and quasi-harmonic noise. From (10) it is easy to achieve: 
Envelope V(t) and random phase ψ(t) have one-dimension probability densities:
here a=Am/σ is signal to noise ratio, I0(z) is Bessel function of zero's order with imaginary argument.
( )
From a general consideration, it is clear that the higher the average radiation power, the higher the number of random spikes amplitude variants that can be realized. Increasing the width of the probability density curve means that the probability of generation of two spikes with the close amplitudes increases versus time. This is an undesirable effect, because the closer the amplitudes are, the more difficult separating them and suppressing lower spikes on the non-linear stage of generation development becomes. To achieve complete modelocking, it is necessary to maximize the difference between the amplitudes of the random spikes that makes the single pulse separation on the round-trip period of the cavity easier.
In [15] , it has been shown that to calculate the number of excesses over certain curve С, it is necessary to estimate the joint density of probability for the envelope and for the derivative of this function. The final formula for the average number of positive excesses of the envelope V(t) of the sum of random (noise) and quasi harmonic processes in unit of time is:
Respectively, for the quasi-harmonic signal (а=0) the view for (17) may be simplified:
It is known that the square of the energetic width of the signal spectrum is proportional to the second derivative from the correlation coefficient. For the Gaussian spectral density function, taking into account (6), (7) it is possible to write:
Thus, for quasi-harmonic optical signal that is correlated on time ТC (round-trip period), the average number of the intensity spikes that surely exceed the average radiation intensity level I may be found from the following:
Versus the generation development, the value Δfe decreases, but I increases. Thus, temporal dependence of n + depends on the functions mentioned above and might have complicated non-monotonous behaviour. Formula (20) demonstrates that spectral width and total radiation power determine all properties (statistics) of the laser radiation noise pattern. Hence, calculating these values at any moment of generation development, one can evaluate the statistical parameters of radiation.
Statistical properties of radiation on the "linear" stage of the generation development
In [18] [19] [20] , the process of mode-locking in solid-state lasers has been analysed. It was shown that at the end of the linear stage, the noise pattern is a superposition of a great number of patterns emitted after the threshold conditions have been achieved. For increase of the output parameters repeatability, it was proposed to decrease a total number of the operating modes but with keeping the same a total spectrum width. Such mode number thinning out results in increase of repetition rate of the pulses and improves the pulses parameters repeatability. To check these dependencies, a Nd:glass laser with round-trip period in range 20 ps -20 ns has been built and studied experimentally.
Starting from (9) and (20) with n =1, 2, one can find two maximal amplitudes С1 і С2 (the first and the second) probably generated on the laser cavity round-trip period. Typically, for small relative difference Δ = − 1 2 1 ( )/ С С С <<1 and for significant number of spikes q = feTC >>1, amplitude difference may be estimated as:
Spontaneous luminescence of a gain laser medium starts practically at the same moment with pumping. If the gain medium is located in the optical cavity, its emission may be separated on the portions equal to the light round-trip time between the cavity mirrors. Each of these patterns is independent noise realization. The total field at the end of the linear stage is the superposition of a great number of such patterns. Because of the amplification coefficient spectral dispersion, the initial spectral-temporal distribution deforms even on, so called, "linear" stage. It is clear that this classical term cannot be applied to the generation evolution period, which is characterized by signal frequency transformations.
Let suppose that an averaged in time envelope of the spectral intensity distribution is Gaussian: I(w) = I0exp(−Δw 2 /δ 2 ). Total power after N round-trips of light is an integral through the spectrum with taking into account the growth of amplification coefficient. After each round-trip, a "fresh" noise pattern is added to the previous amplified radiation pattern. However, for a new noise realization, amplification exceeds losses in wider and wider spectral range. Because of these small differences in starting conditions, the summarized radiation becomes non-Gaussian, even if each realization is Gaussian (but with different spectral width!). The function that describes average intensity change is the following:
here σ0 2 is average luminescence power, β is amplification coefficient growth rate; ТC is axial period of the cavity; N is number of round-trips from the moment of threshold completion for the central frequency; m is number of round-trips from the moment of the threshold up to m-th noise realization emission, α0 is linear initial losses (dimensionless). Spectral width of m-th noise realization changes respectively:
where δ0 is width of the luminescence of the gain medium. Formula (23) was acquired in assuption βТCNlin<<α0, Nlin is a number of round-trips during total linear stage. Average intensity of final field accumulated in the cavity in the end of linear stage is as following:
It follows from (24) that the noise realizations with the numbers from m = 0 to
introduce the main income into the average intensity. They dictate the spectral parameters of the final field. For the typical laser parameters β = 10 3 s -1 , ТC = 10 -8 s one can estimate М ≈ 450. Because of (23) the spectrum is not exactly Gaussian. However, difference in first actual М realizations is not significant, because usually М<<Nlin.
Taking into account that on the "linear" stage, until there is no gain medium saturation, each realization develops independently, the final field may be considered as quasi harmonic random process with an average intensity:
and the spectrum width
Thus, the field formed up to the "linear" stage end is described by the statistics of quasiharmonic random process. However, its evolution time is shorter as compared with classical estimations because of storage of energy by adding a significant number of optical noise realizations. It means that the spectral width is higher and the amplitude difference between maximal spike and the second one is less than that predicted in linear model. As a result, the final probability of complete mode-locking is much less than it was estimated before. For different gain media, activator doping concentrations, methods of pumping, and levels of losses into a cavity, the linear stage duration is different. Hence, in certain limits the final spectrum width is not proportional to the starting (luminescent) width when different systems are compared. Though, affecting some parameters of the laser system, it is possible to satisfy requirements, providing the guaranteed achievement of single pulse generation on the cavity round-trip period.
Spectral-temporal dynamics
The noise pattern spectrum envelope only in average is proportional to the gain profile. In each specific "shot" the number of quanta in each certain mode may significantly differ from the statistically averaged value. Initial mode phases are distributed homogeneously in the range −π ≤ ϕ ≤ π. Mode-locking process results in two actions: introducing certain constant phase relations between the modes and in transferring the energy between the randomly modulated modes, so the spectrum envelope becomes smooth without chaotic intensity modulation.
Let us write the modes oscillations in specific point of cavity as the series:
here w ± n=w0±Δw⋅n, w0 is the central (maximal) frequency of the operational spectrum, Δw=с/2L is an intermode frequency space, n is the mode number starting from the central one. If the initial phase ϕn is not equal to zero, sin(wnt+ϕn) may be represented as a series with the components: Acsin(wnt)+ Ascos(wnt), where Ac = cosϕn and As = sinϕn are the random values that changes slowly, as comparing with cos(wt). Let pay attention to the fact, that even in case when a random phase is distributed homogeneously on the range −π ≤ ϕ ≤ π, the distribution density of Ac or As relate to cosine or sinus functions; in other words, this is not a homogeneously distributed function any more on the range of existence (−1 ≤ А ≤ 1). The probability to find a function on specific interval of meanings is inversely proportional to the rate of function changes, or to the derivative. For the function Ac = cosϕ density of probability to find meaning into the interval 1 < А < −1 is proportional to sinϕ. Thus, the most probable meaning for Ac is 1 in the interval −π/2 < ϕ < π/2 and −1 in the intervals π/2< ϕ < 3π/2. For As the probable meaning in these intervals is close to zero. Figure 5 shows that in 58% attempts with phase distributed inside the range −π/2 < ϕ < π/2, the meaning of cos(ϕ) function is inside the range 0.9-1. Respectively, interval 0.8-1 involves about 85% of all noise realization. The joint probability that two neighbour modes are generated with close phase values within this range is 0.72. At small number of operating modes in most number of the laser shots the sum + φ  sin( Figure 6 demonstrates a computer simulation of natural "mode-locking". The program generates random phases and amplitudes of five modes. Evidently, that half of the oscillograms contains 80% of round-trip period energy in a single pulse. This demonstrates "natural" mode-locking process, achieved without any non-linear elements placed into the cavity. Even with a weak non-linearity, such surely separated spike amplitudes may be easy additionally emphasized. However, there are more modes -less probability to generate "fully synchronized" spectrum. The solution is to keep a wide total spectral width but to decrease a total mode number. This can be done with low quality interferometer that does disturb the equidistant mode spectrum.
Moreover, in a real laser, the mode behaviour is not independent, especially if the amplification band is relatively narrow. Because of inversion hole-burning [7] , two neighbour modes have maximal amplification because they are not overlapping in the centre of cavity where typically the gain medium is located. However, the next pair of the modes is overlapping with the first pair in the centre and near the mirrors. For the next 5 th and 6 th modes the amplification drops down because of spectral envelope's bell-like shape. Because of this phenomenon, practically anytime the laser output from the "pure" cavity (without selection) demonstrates modulation with axial period, which is a beating of two central high power modes. Taking into account the high probability that a "phase coefficients" Ac would be close to 1, one can understand why in big number of laser shots the emission demonstrates periodical structure, even without of any modulators or nonlinear elements.
Optimal spectral width of the ps-laser
It is well known that the wider the gain spectrum is, the shorter the pulses that can be generated are. However, some experiments have shown that this is not always true. This and the following sections analyse how the index of refraction and gain dispersions influence the duration of the spikes on the "linear" stage of generation evolution. The basic question is: what set of parameters provides the minimal duration of pulses before the nonlinearity of the absorber or gain medium starts working.
In principle, the luminescence band of glass lasers has a sufficient width to generate femtosecond pulses. However, some effects result in an increase of the initial spike duration in the process of amplification and generation. First of all, because of the spectral dispersion of the amplification coefficient, the typical spike duration increases approximately 50 times [17] . To avoid this phenomenon, in [21] , the interferometer was located in the cavity. It was aligned so that it flattened the maximum of the amplification band. The shortening of the pulses was about 1.5 to 2 times. However, it was much less than expected.
The next reason that makes it difficult to achieve short pulses in solid-state laser hosts is the dispersion of the material refractive index that results in broadening of the ultrafast pulses. At the conditions of low amplification near the threshold, the initial amplitude of the random short and intensive spike decreases during several round-trips through the cavity.
For the initially shorter pulses, the time of spike intensity development up to the absorber saturation energy is longer than for the relatively long pulses. Certainly, longer pulses survive in the process of generation evolution. Let us analyse the random spike spectrum genesis by taking into account amplitude-frequency transformations along the linear stage period.
To simplify the calculations, we assume that the spike spectrum shape is Gaussian, with an energy normalized to one. To study the process, we apply the Fourier transformation and follow all spectrum components developing.
Here δ is a luminescence spectrum width (dimension of δ is [s -1 ]).
The first exponent in (30) describes the amplitude distribution of the spectral components of a pulse with maximum at w0, the second one shows the amplification depending on the number N of the light field round-trips with the axial period ТC, initial (linear) coefficient of the losses α0, and amplification coefficient increase rate β. An expression for the phase modification is as following:
here Δn is refractive index changes (at tuning out of w0); L is a total length of the gain media passed by the light during the whole linear stage of generation; dn/dw is the refractive index dispersion; Tq is time of a light single pass through the gain medium.
Let us consider, at first, the pulse evolution that is represented by (29) -(31). The final expression for the single pulse intensity is as following:
here the designations are:
From (32), it follows that the final inverse duration is connected with the initial one as: Figure 7 demonstrates the dependency of the pulse duration at the end of the linear stage Δt on the start spectrum width δ of the random spike at different values of the product Tq(dn/dw). For (dn/dw) ≠ 0, the curves coincide in the range of small δ meanings. For wide δ, the final Δt depends on the specific value of the product Tq(dn/dw). In Figure 7 , the letters mark the spectrum width for (a) Nd:YAG, (b) Nd:phosphate glass, (c) Nd:silicate glass.
At the end of the linear stage of generation, Nα0 >>1 and expression for the δ′ may be simplified:
From Figure 7 , it is evident that the final spike duration Δt has a minimum. This area determines the certain start spectral width that, at some given set of the parameters (dn/dw, α0, β, TC, Tq ), can provide the minimal duration of the spikes Δtmin at the end of the linear stage. From the (33) the conditions of the Δtmin achievement may be deduced:
It follows from (36) that, for example, for the Nd:silicate glass (Тq =10 − 9 s, (dn/dw)= 8⋅10 − 18 s) the optimal initial spectrum width is ≈ 70 сm -1 but the real one is about 250 cm -1 . Thus, to achieve minimal ultrashort pulses in the laser with Nd:silicate glass, it is necessary to narrow the initial luminescence spectrum width 3-4 times. The use of prisms is not appropriate in this case because with spectrum narrowing, it simultaneously results in the increase of the product Тq(dn/dw). As an element with anomalous dispersion, an interferometer may be used. In this case, the etalon automatically plays the role of a gain spectral dispersion flattener.
By decreasing the losses (e.g., by improvement of cavity construction), the value Δtmin moves to the smaller spectral width values. If β stays the same, the relative amplification growth is higher in a system where α0 is less. In this case, the spike spectrum width grows faster and natural spectrum selection process is restrained. If one decreases α0 at relatively small initial spectrum Δ <30 cm -1 , the spike duration decreases because of the process of natural spectrum selection weakening. Inversely, for Δ >60 cm − 1 the duration increases because of negative influence of the refractive index dispersion.
The starting losses α0 include linear losses on cavity elements, on mirrors (output), and nonsaturated losses in absorber. To achieve Δtmin, it is necessary to vary mirror reflection only, because decrease of the absorber density makes the pulse discrimination worse. For garnet type media, the highly reflecting mirrors are preferable; for glasses, it is better to use low reflecting mirrors.
Increase of the product βTC (with the other parameters staying the same) results in Δtmin decrease. This phenomenon is connected with diminishing of the total number of the roundtrips during the linear stage of the generation development. Having a low threshold and high amplification increase rate β, the garnets have lower located curves Δt(δ) as compared with glass hosts. This explains why these media, being with about two order of magnitude different luminescence bandwidth, demonstrate ps-pulses with durations just 3-5 times different. The phosphate glasses that have narrower luminescence bandwidth as compared with the silicate ones can provide shorter pulse generation. In all cases, possible variations of the laser parameters may minimize the random spike duration at the end of the linear stage of the generation development.
Experimental results
Spectrum modulation with dynamical interferometer
The mode-locking process supposes introducing of the certain amplitude-phase relations between all generating modes. In known techniques, phase locking is typically provided simultaneously along the whole actual spectral range. However, the condition of simultaneous phase regularization is not obligatory. In principle, the modes may be linked step by step, if a total mode number is relatively small or the time of generation development is relatively long [14] . In this case, the process of mode-locking spreads consequently from small group of modes to the whole spectrum. The simplest way to build such a system is to install into a laser cavity an additional mirror with a piezodriver. This three-mirror cavity is a dual-interferometer system. Let us place an interferometer with base length l0i into the cavity with an optical length LC = kli0, where k is integer. A diagram in Figure 8 shows the case where k = 10. Because of different cavity and interferometer lengths, there are k cavity modes located between two peaks of the interferometer. Internal mirror should be with low reflectivity and do not disturb significantly the mode spectrum of the main cavity. For two interferometers with bases of different optical length, the velocity of the reflection peak motion in the frequency domain is higher for the interferometer, which has shorter optical base. In principle, it is possible to move the interferometer peak from mode to mode position exactly during the light round-trip time along the cavity. In this case, relatively fast modulation with intermode beating frequency is realized by the relatively slowly moving mirror. This system can be named as an "optical lever" technology. To find the conditions of such mode-locking, let us suppose the optical length of the interferometer li changes with constant speed V. In this case, li= l0i + Vt, here l0i is the start interferometer length. The position of the п-th transparency maximum (of an unmovable interferometer) is described as:
Differentiate (37) with respect to time and get n-th interferometer maximum frequency changes rate. With condition Vt << l0i (because Vt ≅ (1 -10)λn0, and l0i ≅ 10 4 λn0) it is easy to achieve:
With the moving mirror the new cavity mode has the maximum quality consequently in each new TC interval. Let us find such a mirror speed that provides the interferometer peak motion from the mode position to the next one for the time of the light round-trip in a linear cavity ТC = 2LC/c: Hence, the mechanical motion of the mirror could be hardly achievable. In this case the electro-optical system should be used to control the cavity modes properly. An inclined interferometer limits the total spectrum width and the ultrashort pulses are not achievable with this technique. To solve this problem, the normally installed mirror should be used. To avoid back reflection that results in parasitic selection, a thin film selector should be used as a mirror. The properties of such a system have been described in section 2.
Laser with anti-mode-locking: "Black" pulses generation
Any periodical signal may be represented as a sum of harmonics with specific amplitude and phase coefficients. The scanning interferometer mirror may be moved with changeable velocity, following the special function. In this case, because of interference of the modes with certain combinations of the phase, the pulse shape may be specially designed [14] .
One of the interesting examples of such laser generation is "anti-mode-locking". If the interferometer mirror is moved with the speed as doubled to the resonance one, the zerophase difference is dictated to each second mode. The neighbour modes are modulated in anti-phase conditions. Figure 10 demonstrates several examples of simulated (left column) and experimentally generated (right column) pulse trains. The cavity length was 525 cm. That corresponds to a 35 ns round-trip time. The interferometer base was about 1.5 cm, with a resonance speed of about 4 cm/s. Figure 10а -resonance mirror motion; it is classical mode-locking. Figure 10b -average mirror speed is two times higher as compare to the resonance one; motion is with acceleration. Figure 10c -motion with acceleration two times higher as in case (b). Figure  10d -average mirror speed is two times higher compared to the resonance one; even modes are in anti-phase conditions to the odd modes. ("anti-mode-locking"). The picture is inversed to the classical mode-locking (Figure 10a ). On the background of the quasi-cw generation there are narrow peaks of radiation absence, or "black pulses". 
High pulse repetition rates
In various applications such as telecommunications, pulse trains with multi-gigahertz pulse repetition rates are required. The resonators of the bulk lasers are usually too long to achieve such repetition rates with fundamental mode-locking. The high repetition rate pulse trains were obtained with harmonic mode locking [22, 23] , when the active modulator worked at frequency multiply integer higher than the inverse cavity round-trip period. Similar research but at passive mode-locking has been provided in [24] .
In this section, a 50-GHz repetition rate generation from the Nd:glass laser with 45-MHz cavity is described. The system was of modulator free [14] . This work was completed approximately nine years before the first self-starting Ti:sapphire laser was demonstrated. However, honestly saying, during Nd:glass laser's experiments, the role of the Kerr-type non-linearity was not understood.
The construction of the high repetition rate laser is very simple. The cavity contains just one additional low reflecting mirror that is installed so that the short base interferometer length (l) is exactly an integer multiple (n) of the full cavity length (L) (with heated gain medium): L = nl. At this condition, the ultrashort pulse, running back-and-forth inside the interferometer, after n reflections, exactly coincides with the pulse that was running along the entire cavity. Since the total spectral width is the same, the pulse duration remains the same. The multiplication of ps-pulses results in periodical modulation of spectrum and, respectively, in a decrease of total mode number. At this condition, even without a nonlinear absorber but with an aperture installed near the output mirror, the laser generated a train of ultrashort pulses. With a fourth mirror, which shapes a new interferometer with a base length integer to the first interferometer, the pulse repetition rate was increased again. Figure 10 demonstrates oscillograms of the mode-locked generation (a, c) and harmonic mode-locked (b, d). A photograph (e) shows the two-photon luminescence track achieved with a four-mirror cavity without a non-linear absorber. The pulse duration is 11±2 ps and the period of repetition is 20 ps. In all cases, the total cavity round-trip length was 6.6m (22ns). From my personal experiences, the idea to use an interferometer in the mode-locked laser cavity is typically rejected by project or paper reviewers because of supposed strong interferometer dispersion, which affects equidistant mode spectrum and makes short pulse generation impossible. In response, it should be specially emphasized that maximal exceeding of the gain over the losses in an free-running laser could be around 3-4%; hence, to shape the necessary spectral structure, the interferometer should provide about 5% modulation depth, which practically does not shift the modes. Moreover, it is possible to use the interferometer with absorbing mirror (see in section 2), which demonstrates a unique property -it does not reflect light at normal beam falling on the interferometer. In other words, there is no disturbance of the mode spectrum with such an interferometer.
Femtosecond pulses
From a theoretical point of view, the basic principles of picosecond and femtosecond pulses generation are the same [9] [10] [11] [12] [13] . The difference is in some parameter values. Femtosecond pulses have three orders of magnitude shorter duration than the picosecond ones. Hence, they require much wider operational spectral bands and faster mechanisms of modulation. Because of dispersion, the broadening of fs-pulses happens faster when propagating through the optical elements. Because of very high pulse peak power, the non-linear processes are routine problems for fs-lasers. Practically all types of ps-lasers were repeated in fs-lasers. They are bulk lasers with open cavity, fiber lasers, dye lasers, and semiconductor lasers. Disregarding the construction variety, principles of operation of all these systems are the same, or very similar. In the last five years, fiber lasers were the most dynamically developed segment of the fs-laser. The efforts of researchers are focused on suppression of non-linear effects, on increase of output average power, and on exploitation of new spectral ranges.
Attosecond and zeptosecond pulses on the way to yoctoseconds
The attosecond pulse generation and measurement are the hottest subjects of popular and solid scientific journals [25] . With achievement of this duration range, these super-ultrashort laser pulses became an instrument of intra-atomic process investigation. For the first time ever, researchers are capable of seeing how an electron "jumps" between atoms. The peak intensity of the as-pulses approaches and overcomes 10 18 Wcm -2 . This is a powerful tool in studying the ultrafast phenomena, such as the chemical/biological transformations occurring on the femtosecond range of durations. An attosecond control of collective electron motion in plasmas has been provided in [26] . There are two ways to generate an attosecond pulse or pulse train [27] . One is through the nonlinear processes of the superposition of high order harmonics generated in the laser-gas atom interactions. The limitation is that the laser intensity should be low enough to avoid the ionization of atoms. Typically, the efficiency of harmonic emission from the atoms is low. The other way is to generate high order harmonics from the dense surface of plasma created by the high-intensity femtosecond laser. Till now, 12 attoseconds is the world record for shortest controllable time [28] .
The femtosecond lasers are more and more used as the sources in high energy atomic and nuclear investigations -see, for example [29] . It was shown that in the scattering of 100-fs laser pulse with an intensity of around 10 19 W⁄cm 2 by a counter propagating electron with an initial energy of 10 MeV, a crescent-shaped pulse with pulse duration of 469 as and the photon energy ranging from 230 eV to 2.5 keV is generated in the backward direction.
Recently the Internet brought us a new word: Yoctosecond -10 -24 seconds. The explanation what this is and where it could be used is very simple and fundamental: this is time taken for a quark to emit a gluon [30] .
Conclusions and epilogue
1. Theory of random processes, initially developed for the radio-band frequencies, has been applied to describe the properties of the narrow-band optical noise and dynamics of the linear stage of generation evolution. 2. Theoretical analysis of the optical noise properties demonstrated high probability of the "natural mode-locking", when the main part of light energy accumulated in the cavity may be concentrated in a single pulse. 3. It has been shown that for each set of the solid-state laser parameters, there is a specific width of the amplification band that provides minimal duration of random spikes at the end of linear stage of generation. It was shown that two media, having, at least, one order of magnitude difference in luminescence spectrum width, might generate pulses of the same duration. 4. The harmonic mode-locked generation, achieved in a three-mirror cavity without a non-linear absorber, has been demonstrated in 22-ns cavity of Nd:glass laser. 5. A new method for controllable mode-locking with the help of "optical lever" -movable mirror placed into the laser cavity -has been proposed. The anti-mode-locking process with "black pulses" generation has been realized. Generation of rectangular and triangular ns-pulses has been achieved.
During the 50 years of their history, the pulsed lasers passed from seconds to zeptoseconds or about 20 orders of magnitude into the short duration's side. This road was not smooth and easy. Every time, starting from huge, complex, ineffective, and very expensive machines, the lasers became elegant, economical, more powerful and smart instruments in science, technology, medicine, and everyday life. We hope this chapter and this book will be useful for a wide spectrum of specialists, for professors and students, and for those who are interested in history and in future of the laser technologies.
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